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Abstract 

Irreducible skew-Berger algebras g C gl(n, C), i.e. algebras spanned by the images 
of the linear maps R : 0^C" g satisfying the Bianchi identity, are classified. These 
Lie algebras can be interpreted as irreducible complex Berger superalgebras contained in 



Contents 



oo . 

O 1 Introduction 



^ 2 Preliminaries 

3 The Main Theorem 

4 Complex odd symmetric superspaces and the associated skew-Berger alge- 
bras 

5 Representations with non-trivial first skew-prolongations 

6 Proof of Theorem 13.11 

7 An Outlook to the general case |20 



13 



*Supportcd from the Basic Research Center no. LC505 (Eduard Cech Ccntcr for Algebra and Geometry) of 
Ministry of Education, Youth and Sport of Czech RepubHc. 



1 



1 Introduction 



The classification of irreducible holonomy algebras of linear torsion-free connections is well 
known [5], [6[ [131 [IH] • The first step to this classification was to find candidates to these algebras, 
these candidates are called Berger algebras. These algebras g C g[(r;,, M) are spanned by the 
images of the linear maps R : A^M" q satisfying the Bianchi identity. 

Recently in [8] holonomy algebras of connections on supermanifolds were introduced. The nat- 
ural problem is to classify irreducible holonomy algebras of linear torsion-free connections on 
supermanifolds. In [8] were defined Berger superalgebras g C gl(m|n, M), which are the gen- 
eralization of the usual Berger algebras, since gl(m|0,M) = g[(m, M) and Berger superalgebras 
are the same as Berger algebras in this case. In the present paper we study the mirror case to 
the classical one: we classify irreducible complex Berger superalgebras contained in g[(0|?T,,C). 
These Lie superalgebras are the same as irreducible skew-Berger algebras g C g[(r;,,C), i.e. 
algebras spanned by the images of the linear maps R : 0^C" g (the skew-curvature tensors) 
satisfying the Bianchi identity. The reduction to the real skew-Berger algebras is a standard 
procedure, see Proposition 12.41 below. 

The paper has the following structure. In Section [2] we give the necessary preliminaries. In 
Section [3] we formúlate the Main Theorem, where we classify irreducible skew-Berger algebras 
g C g[(n, C). In Section m we classify irreducible subalgebras g C g[(n,C) admitting skew- 
curvature tensors R such that i?(C", C"") = g and g annihilats R. This classification immediately 
follows from the classification of simple complex Lie superalgebras. Using this list, we obtain 
examples of skew-Berger algebras. In Section [5] we classify irreducible subalgebras g C g[(n, C) 
with non-trivial first skew-prolongations g^^^ IIom(C", Q)\Lp{x)y = —Lp{y)x for all x,y E 

C^} and get examples of skew-Berger algebras. In Section [6] we finish the proof of the Main 
Theorem. In Section [7] we explain how this classification can be used to study some classes of 
Berger superalgebras g C osp(n|2m, C). 

The methods of the paper are mostly taken from [Tü]. In fact, a big number of results of [TÜ] 
can be applied to our case without change. In the same time some particular cases required 
new ideas. 

Acknowledgements. I would like to thank L. Schwachhofer for useful discussions. I am 
grateful to D. A. Leites for the Communications concerning the skew-prolongations. I thank 
the Department of Mathematics and Statistics of the Masaryk University for the excellent 
atmosphere for work. 
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2 Preliminaries 



First we give several definitions and facts from [8J. 

Let = Vg © Vi be a real or complex vector superspace and q C 5Í{V) a supersubalgebra. The 
space of algébrale eurvature tensors of type Q is the vector superspace 7?.(g) = 7^(g)o © "^(fl)!, 
where 



7^(g) = {Re AV* ® 



R{X, Y)Z + Z)X + X)Y = o' 

for all homogeneous X,Y, Z E V 



Here | ■ | G Z2 denotes the parity. The identity that satisfy the elements R G TZ{q) is called the 
Bianchi superidentity. Obviously, 7^(0) is a g-module with respect to the action 

A-R = Ra, Ra{X, Y) = [A, R{X, Y)] - (-l)l^ll^li?(AX, Y) - (-l)l^l(l^'+l^l)i?(X, AY), (1) 

where A E g, R E 7^(0) and X,Y E V are homogeneous. 

If is a supermanifold and V is a hnear torsion-free connection on the tangent sheaf Tm 
with the holonomy algebra f)o[(V)x at some point x, then for the covariant derivatives of 
the eurvature tensor we have i^y^ ,,,Yi^)x ^ '^(floK^)a;) all r > O and tangent vectors 
Yi, Yr E T^M. Moreover, |(Vy^ Yi^)x\ = l^il + ■ • ■ + |^r|, whenever Yi, Yr are homoge- 
neous. 

Define the vector supersubspace 

L{n{e)) = span{i?(X,F)|i? G 7^(0), X,YEV}Ce. 

From ([T]) it follows that L(71{q)) is an ideal in 0. We cali a supersubalgebra C 0l(V^) a Berger 
superalgehra if L{1Z{q)) = g. 

If y is a vector space, which can be considered as a vector superspace with the trivial odd part, 
then C 0Í(^) is a usual Lie algebra, which can be considered as a Lie superalgebra with the 
trivial odd part. Berger superalgebras in this case are the same as the usual Berger algebras. 

Proposition 2.1 Let Ai be a supermanifold of dimensión n\m with a linear torsion-free 
connection V. Then its holonomy algebra f)o[(V) C 0[(n|m, M) is a Berger superalgebra. 

Thus real Berger superalgebras are candidates to the holonomy algebras of linear torsion- 
free connections on supermanifolds. The classification of irreducible complex and real Berger 
algebras is well known ¡5], [6l [131 [H] • 
Consider the vector superspace 



Sx{Y, Z) + (-l)l^l(l^l+l^l)^y (Z, X) + (-1)1^I(1^I+I^I)5^(X, Y) = Q 
for all homogeneous X, F, Z G 



If Al is a supermanifold and V is a linear torsion-free connection on T^, then (Vy^ ^ 
7^^(f)0[(V)^) for all r > 1 and Y2, G T,M. Moreover, |(V^^,...,y2,í?)x| = IF2I + ■ • • + \Yr\, 
whenever Y2, ...,Yr are homogeneous. 

A Berger superalgebra g is called symmetric if 7^^(0) = 0. This is a generalization of the usual 
symmetric Berger algebras, see e.g. [TÜ], and the foUowing is a generalization of the well-known 
fact about smooth manifolds. 

Proposition 2.2 Let Ai be a supermanifold with a torsian free connection V. //f)o[(V) is 

a symmetric Berger superalgebra, then (A^, V) is locally symmetric (i.e. Vi? = 0/ If {M.^'SI) 
is a locally symmetric superspace, then its curvature tensor at any point is annihilated by the 
holonomy algebra at this point and its image coincides with the holonomy algebra. 

The proof of the foUowing proposition is as in [Tü] . 

Proposition 2.3 Let q C 0Í(^) be an irreducible Berger superalgebra. If g annihilates the 
module 7^(g), then q is a symmetric Berger superalgebra. 

In this paper we consider the case when the vector space V is complex and purely odd, i.e. its 
even part is trivial. In this case a supersubalgebra g C QÍiV) is just usual Lie algebra. We may 
consider the representation g C gl{Il{V)), where 11 it the parity changing functor and HiV) 
becomes a usual vector space. 

For a vector space V and a subalgebra g C gíiV) define the space of skew-curvature tensors 
(or just tensors for short) of type g: 



n{g) = <Re ©V* ® 



R{X, Y)Z + R{Y, Z)X + R{Z, X)Y = O 
for all X,Y,Z eV 



Obviously, 7^.(0) = 7l{g acting on n(V^)). A subalgebra g C gliV) is called skew-Berger if 
g = L{n{g)), where 

L{ñ{g)) = sp^n{R{X,Y)\R e ñ{g), X,YeV}cg. 

We see that g C gliV) is a skew-Berger algebra if and only if g C gl(n(l^)) is a Berger 
superalgebra. Let "^^(g) = ^^.^(g acting on 11(1^)). A skew-Berger algebra g C gliV) is called 
sjTumetric if "^^(g) = O, i.e. g C g[(n(\/)) is symmetric. 

We will use the foUowing fact 

:^(g) = ker(9 : ©V* © g ^ ©V* © V), (2) 
where d is the symmetrisation map. Note that the map d is g-equivariant. 
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Let US explain now how to obtain a classification of irreducible real skew-Berger algebras using 
the results of tliis paper. Let be a real vector space and g C gí{V) an irreducible subalgebra. 
Consider the complexifications Ve = V (8>m C and 0c = ®ir C C 0Í(Vc). It is easy to see that 

^(0c) = ^(0) ®R C and ñ"^ (0c) =ñ^{g)(S)RC. 

Recall that the subalgebra C gí{V) is called ahsolutely irreducible if 0c C 0Í(Vc) is irreducible 
and it is called not ahsolutely irreducible otherwise. The last situation appears if and only if 
there exists a complex structure J on commuting with the elements of 0. Then V can be 
considered as a complex vector space and C 0l(^) can be considered as a complex irreducible 
subalgebra. Consider also the natural representation i : 0c ^ sK^) t^e complex vector 
space V . The following proposition is the analog of Proposition 3.1 from [TÜ]. 

Proposition 2.4 Let V be a real vector space and C 0Í(V^) an irreducible subalgebra. 

1. // the subalgebra C 0Í(V") is absolutely irreducible, then q C qIÍV) is a skew-Berger algebra 

if and only if Qc C 0Í(Vc) is a skew-Berger algebra. 

2. // the subalgebra C 0Í(V^) is not absolutely irreducible and if (¿(0c))'^^ = O, then g C 0Í(^) 

is a skew-Berger algebra if and only if Jg = g and g C 0Í(V^) is a complex irreducible 
skew-Berger algebra. 

From this and Proposition 3.1 from [TÜ] it follows that if the subalgebra C 0Í(^) is absolutely 
irreducible and 0c C 0l(Vc) is both a skew-Berger and Berger algebra, then the subalgebra 
C gí{V) is a skew-Berger algebra if and only if it is a Berger algebra. Similarly, if the 
subalgebra C gl{V) is not absolutely irreducible, {i{gc))^^^ = (^(0c))*-^'* = O ((í(0c))*'^'' denotes 
the first prolongation) , and C 0Í(V^) is both a complex irreducible skew-Berger and Berger 
algebra, then C 0Í(V^) is a real skew-Berger algebra if and only if it is a real Berger algebra. 
Thus it is left to consider not absolutely irreducible real subalgebras C 0Í(V^) such that the 
corresponding representation i : ge ^ 0Í(^) i^i the complex vector space V is one of the entries 
1-10 of Table [T] below. This will be done in another paper. 

3 The Main Theorem 

Theorem 3.1 Let V be a complex vector space. The irreducible complex skew-Berger subalge- 
bras C 0Í(^) ^'^c exhausted by the representations of TableUl The representations 1-8 and 15 
have non-trivial first skew-prolongations; the representations 7 with ¡ = O, II-I4 and 19-22 are 
symplectic; the representations 8 and 15-18 are orthogonal. If g admits an element TZ G "^(0) 
annihilated by g and such that its image coincides with g, then g is either 7 with 3 = 0, or 11, 
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or 19, or 20, or 21, or 22, or 8 with g = 5l{n,C). The representations 19-23 are symmetric 
skew-Berger algebras. Any irreducible non- symmetric skew-Berger subalgebras g C qI{V) co- 
incides with one of the subalgebras 1-18. The absolutely irreducible real forms of the last two 
representations can not appear as the holonomy algebras of linear torsion-free connections on 
purely odd supermanifolds. 

Table 1 Irreducible skew-Berger subalgebras g C qI{V). 









restriction 


1 


% ©slín, C) 




n > 3 


2 


3 ©s[(n, C) ©s[(m,C) 




n,m > 2, n ^ m 


3 


sí(n,C) ®5l(n,C) 


C" © C^, 


n > 3 


4 


sKn,C) 




77, > 6 


5 


3©s[(5,C) 






6 


5l{n,C) 




77 > 3 


7 


3©5p(2n,C) 




n > 2 


8 








g is a simple Lie algebra 


9 


3©spin(10,C) 


A+ = 




10 


fe 






11 


5[(2,C) ©so(n,C) 


C2©C" 


77 > 3 


12 


spin(12,C) 






13 


s[(6,C) 


A^C" = C^o 




14 


5p(6,C) 






15 


soín, C) 




77 > 3 


16 


S2 






17 


spin(7, C) 






18 


s[(2,C) ©sp(2n,C) 


© C^" 


77 > 2 


19 


s[(2,C) 






20 


so(n,C) ©sp(2m,C) 


c © c^™ 


77 > 3, m > 2 


21 


02©5[(2,C) 


C^©C2 




22 


5pin(7,C) ©s[(2,C) 


C8©C2 




23 


so(n, C) ©s[(m,C) 


C"©C™ 


n, m > 3 


24 


sp(2n,C) ©5[(m,C) 




77 > 2, m > 3 



Remark 3.1 From the proof of the theorem it follows that if g G 0Í(^) satisfies TZig) 7^ O, 
then g C gliV) appears in Table\l\ or g = CO) i), where i) C 0Í(V^) appears in TableUi 

Remark 3.2 We do not find the space IZ'^lg) for the representations 1-18. If for some of 
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these representation this space is trivial, then absolutely irreducible real forras of this represen- 
tation can not appear as the holonomy algebras of linear torsion-free connections on purely odd 
supermanifolds. 



Remark 3.3 The list of representations from Proposition 6.4 below moustly coincides with the 
list of representations g C qIÍV) of simple Lie algebras g such that dimg > diml^ ¡3]. We see 
that for the representations 1-18 of TableUl it holds dimg > dim\^. This proves the following 
statement. 

Let Q C Ql(y) be an irreducible skew-Berger algebra, //dimg < diml^, then g C qI{V) is 
symmetric. 

In fact, nearly the same holds for Berger algebras: 

Let g C gí(V^) be an irreducible Berger algebra, //dimg < dimy, then g C gí(^) is symmetric. 
This is the analog of the statement of the Berger holonomy theorem: 

Let G C SO{n,M.) be the holonomy group of a Riemannian manifold {M,g). If G does not act 
transitively on the n — 1-dimensional sphere, then {M,g) is locally symmetric. 

This formulation follows from the list of possible connected holonomy groups of Riemannian 
manifolds obtained by M. Berger in /^/. In [T^ J. Simens gave a direct proof of this statement. 
And recently C. Olmos obtained a more simple and geometric proof of this fact ¡15j. 



4 Complex odd symmetric superspaces and the associ- 
ated skew-Berger algebras 

In this section we classify irreducible subalgebras g C gí(^, C) admitting elements R G "^(g) 
such that /?(C", C") = g and g annihilats R. This classification immediately follows from the 
classification of simple complex Lie superalgebras. Then we obtain examples of skew-Berger 
algebras. 

Having such g C gí{n, C) and R G TZ{q). Define the Lie superalgebra f = g © n(C") with the 
superbrackets [^,ri] = [C,,ri], [^,n(a;)] = n(,^x)] and [n(a;),n(|/)] = R{x,y), where ^,ri E g and 
x,y E C"'. We get an irreducible infinitesimal symmetric superspace (f, g,n(C")) [3 [20]. The 
Proposition 1.2.7 from [TD] implies that f is a simple Lie superalgebra. In 

Table 2 tabsym we list simple Lie superalgebras f with fQ acting irreducibly on fj. 
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Table 3 Simple Lie superalgehras f with fg acting irreducibly on fj. 



f 


fo 


fl 


osp(n 2m, C), n>l, n^2, m > 1 


so(n,C) ©sp(2m, C) 


© C^™ 


q(n), n >3 


5Í{n) 


sl(n) 


m 


5pin(7,C) ©s[(2,C) 


C8©C2 


G{3) 


02©5[(2,C) 


C7©C2 


D{a) 


s[(2,C)©s[(2,C)©5[(2,C) 


© © 



r/ie proof of the following Theorem is similar to the proof of Theorem 3. 6 from fW¡ . 

Theorem 4-1 Let g C gl{n,C) be an irreducible subalgebra. Suppose that there exists an 
irreducible odd infinitesimal symmetric superspace 

((0 © s[(2, c)) © n(c" © c'), © s[(2, c), n(c" © c')). 

Then g C so(í2, C) with respect to some scalar product g on C", there exists a Q-equivariant 
map A : A^C" ^ satis fying 

{xAy)z + {xAz)y = -2g{y, z)x + g{x, y)z + g{x, z)y 

for all x,y,z & C^. Moreover, for any A G g, the map Ra '■ ©^C^ — > g defined by 

Ra{x, y) = 2g{x, y) A + AxAy + AyAx 

belongs to TZ{q) and the map g T^Íq), A \—>- Ra is injective. In particular, q is a skew-Berger 
algebra. 

Corollary 4-1 The following subalgebras are skew-Berger algebras: so{n,C) C g[(n, C) {n > 
3), sp(2m, C) © s[(2, C) C g[(C2™ © C^) (m > 1), spin(7, C) C g[(8, C) and ga C g[(7, C) . 

Proof. We get the first algebra using osp(í?,|2,C) and the fact that sp(2,C) ~ s[(2,C). We get 
the second algebra using osp(4|2m, C) and the fact that 5o(4, C) ~ s[(2, C) © sí{2, C) . □ 

Remark 4-1 Note that spin{7,C) and Q2 are very important Berger algebras, which turn out 
to be also skew-Berger algebras. 

5 Representations with non-trivial first skew-prolongations 

Let g C g[(n, C) be a subalgebra. Put g^ = g. Define the k-th (k > 1) skew-prolongation of g 
by the rule 

gW = G Hom(C",g[*^-^l)|(^(a;)?/ = -y^{y)x for all x,y e C"}. 
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Let g_i denote a complex vector superspace and let C 0Í(0-i) he a supersuhalgehra. The k-th 
prolongation (k > 1) Qk of go is defined as for the representations of the usual Lie algebras up 
to additional signs: 

Qk = W ^ Hom(g_i,gfc_i)|v?(x)í/ = (-l)l''ll^lv5(?/)x for all homogeneous x,y e 

Consider the Cartan prolong q^, = g*(S-i,So) = ©fc>-i0í:- Note that has a structure of Lie 
superalgebra. In Í7^ lTü[ [7?j / examples of irreducible subalgebras go C 0Í(0-i) with gi 7^ O are 
given and for the most of them the {2,2)-th Spencer cohomology groups H"^^ are computed. 

It is obvious that for a subalgebra g C g[(0|í2,C) its prolongations coincide with the correspond- 
ing skew-prolongations of the subalgebra g C QÍ{n, C). 

Let g C gí(^, C) be a subalgebra. By analogy with JTPJ we get the following exact sequence 

O g['] (C")* ® g[i] ñ{Q) ^ H¡'' O, (3) 



second map in the sequence is given by 



where H'^'^ is the (2, 2)-th Spencer cohomology group for the representation g C g[(n(C")). The 



R<í,($a{x, y) = (f){x)a{y) + (f){y)a{x). (4) 

Theorem 5.1 Let V be a complex vector space. All irreducible subalgebras g C gt(T^) with 
non-trivial first prolongations and g^^^, g^^^, H"^'^ for these subalgebras are Usted in Table^ 

The spaces (C"^ A^(C")*)o and (C"' (S> A^(C'^)*)o consist o f tensor s such that the contraction of 
the upper index with any down index gives zero. The spaces -f^g¿(2n c) ^'^'^ ^sp(2n c)®c given 

in ini. 
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Table 4 Irreducible subalgebras g C C) with 7^ 0. 








V 


0[^1 






1 


s[(n, C) 


C", n > 3 


(C"©A2(C'^)*)o 


(C"©A3(C'^)*)o 





2 


0l(^,C) 


C", n>2 


C^© A2(C'^)* 


C" © A3(C")* 





3 


sí(n, C) 


©^C", n > 3 


A2(C")* 








4 


dKn,C) 


©^C", n > 3 


A2(C")* 








5 


sí{n, C) 


A^C", n > 5 


©2(C")* 








6 




A^C", n > 5 


©2(C")* 





if n > 6 
C^ zfn = 5 


7 


s[(n,C) ©s[(m, C) ©C 


C"©C", n,m>2 
n ^ m 


V* 








8 


s[(n, C) ©s[(n,C) 


C" © C", n > 3 


^* 








9 


s[(n,C) ©s[(n, C) ©C 


C" © C", n > 3 


^* 








10 


so{n, C) 


C", n > 4 


A^y* 


A^V* 





11 


so(n,C) ©C 


C", n > 4 




A^V* 





12 


sp(2n,C) ©C 


C^" n > 2 


V* 







13 


Q is simple 





Cid 





H =? 


14 


g © C, simple 





Cid 





H 



Proof of Theorem l5.ll Suppose that for an irreducible subalgebra g C 0Í(^) '"'^ have q^^^ 7^ 0. 
PutQ^i = Il(y) and Qo = C 0Í(0-i)- We get that gi 7^ 0. It is obvious that the Cartan prolong 
g^, is an irreducible transitive Lie superalgebra with the consistent Z-grading and gi 7^ 0. This 
means that gQ acts irreducibly on g_i, the equality [a, = O, where a G gk, k > 1, implies 
a = O, and {g^)o = ©^o02fc; (0*)i = ©fclo02fc-i- From ¡M, Th. 4] follows that g^ must 
coincide with one of the following Lie superalgebras: 

I sl{n\mX) (n^m, m,n> 2), ps[(n|n, C) (n > 2), osp(2|2n,C) (n > 1), spe(n,C) (n > 3) 

with the canonical Z-gradings; 

II üect(0|ra,C) {n > 2), süect(0|n,C) {n > 3), i){0\n,C) [n > 4), ^(0|n,C) [n > 4) with the 

canonical Z-gradings; 

III g = 0_i © 00 © 01) where g^ = g is a simple Lie algebra, g_i = 11(0), and gi = C; the non- 

zero Lie superbrackets are the following: [x,y] = [x,y], [x,Il{y)] = Il{[x,y]), [^,n(x)] = x, 
where x,y E g and G C; 

IV f = J2T=-i h with fo = fo © C, ffc = ffc for k ^ O and elements of C acting by the 

multiplication on }k for k O, where f is of type I, II or III and the center of fo is trivial. 
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The standard Z-gradings of the Lie superalgehras of type I and II are described in fTD¡ . The Lie 
superalgebras of type I give us the entries 3, 5, 7, 8, 12 of the tahle; the Lie superalgehras of 
type II give us 1, 2, 10; the Lie superalgehras of type III give us 13, and the Lie superalgehras of 
type IV give us all the other entries. We write n > 5 for the entries 5 and 6, as A^C^ ^ and 
we should consider entries 1 and 2 for n = 3; similarly, s[(4, C) ~ so(6,C) and A^C^ ~ C^. 
By an analog reason we assume n > 3 for the entries 8 and 9, and n > 2 for the entry 12. 
The Spencer cohomology groups H^'^ for the entries 1, 2, 3, 5, 1, 8, 10, 12 are computed in 
Í7^ 03 The other cohomology groups (except for the entry 13) will he computed in the 

foUowing proposition. 

Proposition 5.1 All the representations of Tahle^ exsept for the entries 4, the entries 5 for 
n>6, the entries 9, 11, 12 and I4 are skew-Berger algehras; the representation of 5Í{n,C) © 
sí{m, C) on C" ® C"^ (n, m > 2) and sp(2n, C) C sí{2n, C) (n > 2) are skew-Berger algehras. 

Proof. The proof of the fact that the entries 1, 2, 3, 5, 1, 8, 10 of the tahle and also the 
representation of sl{n, C) © 3l(m, C) on C" © {n, m > 2) and sp{2n, C) C sí{2n, C) (n > 2) 
are skew-Berger algehras is similar to the proof of Proposition 12.1 from it follows mostly 
from the exact sequence ([3]). 

Lemma 5.1 Consider the representation of the Lie algehra s[(n, C) © 5l{n,<C) ® 'C on V = 
C"©C" {n > 3). Thenñ{sí{n,C)®5l{n,C)®'C) = ñ{sl{n,C)®sí{n,C)) and the representation 
of the Lie algehra sí{n, C) © sí{n, C) © C on C" © C" {n > 3) is not a skew-Berger algehra. 

Proof. Let tti, 7r„_i, tti, ñn-i denote the fundamental weights of the Lie algehra sí{n, C) © 
sl{n, C). Recall that the space IZ^sl^n, C) Q)sí{n, C) ©C) can he defined hy (^^. It can he checked 
that the sí{n,C) © 3Í{n,C) -module Q^V* ~ ©V* © C C Q^V* © (sl(n,C) © 3[(n,C) © C) 
can he decomposed as the direct sum Kr„_2+ín~2 ® ^27r,j_i+2í„_i (^nd each of the decomposi- 
tions into irreducihle components of the 5l{n, C) ©s[(n, C)-modules q'^V* © {sí{n, C) ©s[(n, C)) 
and Q^V* © V contain two copies of the modules V^7r„„2+íi-n-2 ^'^^ y2Trn-i+2wn~i- Suppose that 
ñ{sí{n,C) ®3Í{n,C) © C) 7^ ñ{sl{n,C) ©sl(í2,C)). Usmg the exact sequence (¡3]), we get 
TZ{sí{n,C) ©s[(n, C)) ~ V* V* and this sí{n,C) (B sí{n,C)- module contains one of each 
irreducihle components Kr„_2+íí-n-2 ^'^^ V27r„_i+2í„_i ■ From it is clear that 'R.{5l{n,C) © 
s[(ra,C)©C) contains at least one additional component fKr„_2+ín-2 ^27r„_i+2í„_iy'- Suppose 
í/iflí 2V^^_2+íf^_2 C '^(s[(ri, C)©sl(n, C)©C). Let gi and g2 denote the first and the second sum- 
mands in sí{n, C) ©s[(n, C). From the symmetry it follows that each of the sí{n, C) (B 5Í{n, C)- 
modules Q'^V* © Qi and q'^V* © Q2 contains one irreducihle component K-„„2+í¡-n-2 ■ Denote 
these modules hy Ui and U2. It is clear that any non-zero R G '^(sl(n, C) ©sl(n,C)) can 
not take valúes in one of the Lie algehras gi and 02- Henee d\ui and d\u2 are injective. 
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Moreover, d\ui^U2 has the kernel isomorphic to Vn„_.2+ñ„_2- Denote hy W\ © W^, where Wi 
and W2 are isomorphic to K-„_2+7f„-2; submodule 2K-„_2+7f„_2 C Q^V* ® V . We may as- 
sume that d\u-L and d\if2 take Ui and U2 isomorphically onto Wi. Denote hy U the submodule 
K„-2+7rn-2 C (jfV* (8) C C 0^y* (8) (s[(n, C) ® 5Í(n, C) © C). It is obviously that d\u is injective. 
Let now -Si + ,^2 + -Sg e 1Z(sí(n, C) © sl(n, C) © C) and 81 + 82 + 33^ 1Z(sl(n, C) © sí(n, C)), 
where 81 + 82 + 83 e Ui ® U2 ® U. We have d{8i + 82 + 8^) = 0. Since d{8i + 82) G Wi and 
d\ui '■ Ui — > Wi is an isomorphism, there exists an 8[ e Ui such that d{8i + 82) — d{8[). This 
implies d{8[ -\- 8) —Q, i.e. 8[-\- 8 is a non-zero curvature tensor of type $l{n, C) ©5Í(n, C) © C 
taking valúes in gi©C; which is impossible and we get a contradiction. The module V27r„_i+27r„_i 
can be considered in the same way. □ 

Lemma 5.2 Consider the representation of the Lie algebra Ql{n, C) onV — A^C". If n > 6, 
then 1Z{QÍ{n, C)) = 1Z{5Í{n, C)) and QÍ{n, C) acting on A^C" is not a Berger algebra. 

Proof. We have Q^V* = V2^„_2 © 14„_4- Suppose that R e ñ{gl{n,C)) and R ^ ñ{sí{n,C))- 
Suppose that R has weight Hn-A- Then R = S + (f), where S e 0^y*©s[(n, C) and (p e (D'^V*(^C 
have weight Tin-i- Let Ci, e„ he the standard basis o/C" and e*, e* its dual basis. Assume 
that 4> — ^ K1-2) (^n-i ^ ^n)- Considcr the Bianchi identity 

i?(e„_3Ae„_2, e„_i Aen)eiAej+i?(e„_i Ae„, e¿Aej)e„_3Ae„_2+-R(e¿Aej, e„_3Ae„_2)e„_i Ae„ = 0. 

Note that A = S{en-3/\en-2, Cn-iACn) has weight O, i.e. it is an element ofthe Carian subalgebra 
t C sl{n,C). If 1 < i j < n — 4, then i?(e„_i A e„,ej A e^) G sí{n,C) must has weight 
— e„_3 — e„_2 + ej + ej but the Lie algebra $í{n, C) has no such root, i.e. R{en-i Aen, ei Aej) — 0. 
Similarly, R{en-z A e„_2, e¿ A e^) = 0. We get that (ej + ej)A — —1, i.e. An — — | for 1 < i < 
n — A (Aij denote the elements of the matrix of A). By analogy, taking i — n — — n — 2 
and i ^ n — IJ ^ n, we get AnSn-s + ^n-2n-2 = -1 and An-in-i + Ann = -1- Thus tr A 7^ O 
and we get a contradiction. 

The case when R has weight 27r„_2 is similar (we take (j) — {e^_i A e*) © (e*_j^ A e*) ). □ 

Consider the representation of the Lie algebra 0Í(5, C) onV = A^C^. Using the package Math- 
ematica, we find that dÍTaTZ{Ql{n,C)) = dim'^(s[(n, C)) + 5. Henee QÍ{5,C) acting on A^C^ 
is a Berger algebra. Moreover, &'^V* = © V2n3, henee ^(^[(n, C)) = dim^(sí(n, C)) © U, 
where U is isomorphic to V^-i = C^- 

Lemma 5.3 Consider the representation of the Lie algebra 0Í(n, C) on V — O^C", n > 3. 
Then 1Z{Q{{n, C)) = TZ{s{{n, C)) and 0l(n, C) acting on A^C" is not a Berger algebra. 

Proof. The proof of the statement of the lemma for n > 6 is similar to the proof of the previous 
lemma (note that we have (¿^V* — V27r„_i ® ^^ít^v.)- To prove the statement for n = 3, 4 and 5 
we use the package Mathematica. □ 
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The fact that the subalgebra so(n, C) © C C gí{n,C) for n > 2 is not a skew-Berger algebra 
will be proved in Proposition 1 6. ñ below. Let g be a simple Lie algebra and g C gl{g) its adjoint 
representation. From (¡3]) it follows that1Z{g) contains a component isomorphic to g and henee 
g C 01(0) is a skew-Berger algebra. We do not compute the spencer cohomology for the adjoint 
representations . Due to the Cartan-Killing form we have g C so{g) and henee TZ{g(BC) = TZlg) 
(see Proposition 1 6. ñ below) and g © C C 0Í(g) is not a skew-Berger algebra. The proposition is 
proved. □ 

Consider the representation of the Lie algebra sí{n, C)©sl(m, C)©C on the space V = C^^C", 
n,m > 2, n ^ m. We get that ñ{sí{nX) © sl(m, C) © C) ~ 1/* © V* . To describe this 
isomorphism we use the structure of the Lie superbrackets on sl{n\m, C). For r G © V* , the 
corresponding curvature tensor is defined 6?/ /¿^(xi ©X2, "Ui ©«2) = ©X2, "Ui ©«2) + © 
X2, ui © U2), where A{xi © X2, ui © U2) G sí{n, C) © C, B{xi © X2, ui © U2) G sí{m, C) © C, and 
for Vi G C" and f 2 G C™ we have 

A{xi © X2, Ui © «2)^1 = -t{Xi,X2, f 1, «2)^1 - t{ui, U2, f 1, X2)Xi, 
B{xi © X2, Ui © U2)V2 = t{xi,X2, «1, V2)u2 + t{ui,U2, Xi, V2)X2. 

In particular, tr(i?T-(xi © 0:2, ííi © «2)) = (ri — m)(r(a;i, 0:2, Ui, i¿2) + r(ui, U2, Xi, X2)). Thus, 
ñ{s{{nX)®5l{mX)) -^^V*. Similarly, :^(s[(n, C) ffis[(n, C)) ^V*®V*. As we have seen, 
ñ{sí{n, C) © 5l{n, C)) = ñ{sí{n, C) © 3Í{n, C) © C) . We will use this later. 

Remark 5.1 In fl^ skew-prolongations of the subalgebras c»/so(n,R) were considered. In 
particular it is proved that the only proper irreducible subalgebras o/so(n, M) with non-trivial 
skew-prolongations are exhausted by the adjoint representations of compact simple Lie algebras. 



6 Proof of Theorem 3.1 



The following two propositions are analogs of Propositions 3.2 and Lemma 3.5 from ¡JE/, re- 
spectively. 

Proposition 6.1 Let g C sp(2n, C) be a proper irreducible subalgebra. Then '^(^©C) = TZig). 
In particular, g © C not a skew-Berger algebra. 

Proposition 6.2 Let g C so(ri,C) be an irreducible subalgebra. Then 1Z{g ffi C) = 1Z{g). In 

particular, g © C zs not a skew-Berger algebra. 

In the following we use the results from JTPJ. In fact, most ofthese result do not depend on what 
do we consider: Berger algebras or skew-Berger algebras (more precisely, it does not matter if 
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we consider a curvature tensor as a map from h?V orfrom q'^V ). Some cases require additional 
considerations. 

Let V he a complex vector space and q C sK^) '^^ irreducible subalgebra. Let Qs o-nd 3 denote, 
respectively, the semi-simple part and the center of Q. Then = 0s © 3 (iiT'd either 3 = C or 
3 = 0. If t C g is a Cartan subalgebra, let Íq = t©3. Denote the set of roots of Qg by A and the 
set of weights of the representation g C SÍ(V^) by $. 

Let Aq = A U {0}. For each a E A fix a non-zero in the weight space g^, and let 

$a = {weights of A^V} = (a + $) n $. 
A triple (Aq, Ai, a), where Aq, Ai G $ and a E A, is called a spanning triple if 

<Í>«c{Ao + /5,Ai + /3|/3gAo}. 
A spanning triple is called extremal if Aq and Ai are extremal weights. 

Proposition 6.3 ¡19, Prop. 3.10] Let g C giiV) be an irreducible skew-Berger algebra. Then 
for every root a E A there is a spanning triple (Ao,Ai,a;), a weight element R G 'R-{g) and 
vectors Xq.Xi eV of weights Aq, Ai such that R{xo,Xi) = A^. 

In fact, if R E TZlg) is a weight element and if there are weight vectors Xq,Xi E V of weights 
Aq, Al such that R{xo,Xi) = A^, then (Aq, Ai,q;) is a spanning triple. 

Theorem 6.1 Let g C 0Í(V^) be an irreducible skew-Berger algebra. Then there is an extrimal 
spanning triple (Ao,Ai,a;). 

Proof. The proof is the same as the proof of Theorem 3.12 from ¡19]. As the last step we need 
to show that 5o{n, C) acting on (0^C")o = Q'^C"'/Cg, where g is the s calar product on C", is not 
a skew-Berger algebra. Consider the inclusión so{n, C) C sí{n, C) and the representation of the 
Lie algebra 5l{n, C) on the vector space 0^C". Then, '^(so(?2, C)) C '^(s[(n, C)). From Section 
O we know that "^(51(72, C)) ^ 0^(C")* Cg> A^(C'^)*. To describe this isomorphism we use the 
structure of the Lie superbrackets of spt{n, C). For r G ©^(C")* © A^(C")*, the corresponding 
curvature tensor is defined by 

RrixiQx2, yi&y2)z = -2{t{xi,X2, yi, z)y2+T{xi, X2, 1/2, z)yi+T{yi,y2, xi, z)x2+T{yi, 2/2, X2, z)xi) , 

where Xi,X2,yi,y2, z E . It is not hard to verify that from the condition Rt-{xiQx2, 2/i ©2/2) ^ 
so{n, C) for all Xi,X2, yi, 2/2 G C" it follows that R^- = 0. Thus, 7l{so{n, C)) = 0. □ 

Now we will consider the case when gs is simple. 
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Proposition 6.4 ¡Í9, Prop. 3.18] Let q C QÍ{V) be an irreducible subalgebra such that Qs 
is simple. Suppose that there exists an extremal spanning triple (Ao,Ai,a). Then either the 
dominant weight is a root, i.e. $ C Aq, or the representation of Qg on V is conjugated to one 
of the following: 

k O O 00 010 00 

U • — • — — •withk = \,¿ [II] • — • — — • 



lll) • — • — • ■ ■ ■ „ [IV] 
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k 

[v] • — • — • ■ ■ ■ • — {vi) • for k > 3 

[vil) • — • — • [viii) • — • — • ■ ■ ■ • — • jor n = 0,0 

,., 0001000 10 
[txj • — • — • — • — • — • — • [x) 

(xi) 2-0 (xü) 

, , 1 

(xiii) • — • — 

,.,000 01^ ^ ^ . . „„„ "".xr// 

[xiv) • — • — • ■ ■ ■ rr^ jor n < 7 [xv) • — • — • ■ ■ ■ • — ^ jor b < n < 

,., 10000 ,.., 000001 

[xvt) • — • — • — • — • [xvtt) • — • — • — • — • — • 

io lo 

Note that if ^ G Aq, then Qs C qI{V) is one of the following: 

{xviii) sp(2n,C) acting on (A^C^")o = A^C^"/CÍ], where íl is the symplectic form on C^"; 

(xix) f4 acting on Vj"^ = C^^; 

(xx) 92 C gí(7,C); 

(xxi) the adjoint representation of a simple Lie algebra. 

We have already discussed the representations {i) — {y), (xiv) for n = 3, (xx) and (xxi). 
Now we consider the remaining representations . 

(vi) (qí{2, C) C g[(0'^C^), k < 3). The computations using the package Mathematica show that 
IZÍQs) = 1,3,0 for k = 1,2,3, respectively, and IZÍQs) = 6,3,0 for k = 1,2,3. Thus the only 
skew-Berger algebras are Qs and g for k = 1, and Qs for k = 2 (in the last case we get the 
standard representation of 5o{3,C)). 

The representations ivii), (ix), (x), {xii), {xiii), (xv), n = 8, can be dealt exactly in the same 
way as in IW] (for some of these representations it is proved dim7^(g) < 1; in the same way we 
get dim'^(0) < 1, but these representation does not appear in Table\^ henee dim'^(g) = 0). 

Recall that the space "^(fl) can be find from (¡2]) and the map d is Q-equivariant. Decompose 
the Q-modules Q'^V* ® g and Q^V* ® V into the direct sums of irreducible components. If 
a component Va appears in q'^V* ® g more times than in Q^V* ® V, then the space "^(g) 
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containes a Q-submodule isomorphic to Va. In particular, TZ{q) 7^ O, and if q is simple, then it 
is a skew-Berger algebra. We apply this idea to the following 4 cases. 

(xv) for n = 5 (the spin representation of the Lie algebra g = so(10,C) on V = A^q). Using 
the package LiE, we check that ©^V*®g containes two copies o/V^.^, while Q^V* containes 
only one copy of K-g. Note that dimVJra = 120. Using the programm Mathematica we find 
that dim:^(spin(10,C)) = 120. Thus, :^(spin(10, C)) ~ V^.,. Smce the Lie algebra so{10,C) is 
simple, we get that the representation spin(10, C) C 0[(A^q) is a skew-Berger algebra. Further 
more, we find that dim'^(spin(10, C) © C) = 176. Consequently, spin(10,C) © C C gl(Aj'Q) is 
a skew-Berger algebra. 

(xv) forn = 6 (the spin representation of the Lie algebra g = so(12, C) onV = Aj^2)- Using the 
package LiE, we check that ©^V*©0 containes a submodule isomorphic to V2ni, while Q^V*^V 
does not contain a submodule isomorphic to ¥2^- Thus spin(12,C) C 0[(A^2) ^■^ skew-Berger 
algebra. Since spin(12, C) is contained in the symplectic Lie algebra, spin(12, C) © C C g[(A]*2) 
is not a skew-Berger algebra. 

{xvi) (cq G gl(27, C)/ Using the package LiE, we check that q'^V* ©g containes two copies of 
K-s; while Q^V* © V containes only one copy ofV^^^. Thus eg acting on C^'^ is a skew-Berger 
algebra. We claim that 1Z{tQ © C) = 1Z{tQ), i.e. ee © C acting on C^'' is not a skew-Berger 
algebra. The idea of the proof is similar to the proof of Lemma \5.ñ Note that the representation 
of Q on V has 27 weights. This means that each weight subspace ofV is one- dimensional. For 
each weight X choose a non-zero weight vector ex G V. Then the vectors Cx form a basis of 
V. Let el be the dual basis. We have q'^V* = ¥2^^ © Ki- Suppose that 5* + G TZÍCq © C), 
S and (j) have weight tti and 7^ 0. We may assume that (p = e*_^^ © el^^_,_^g. Note that 
A = ¿"(e.vre! C-TTi+TTs) has weight O, i.e. it is an element of the Cartan subalgebra of Cq. Writing 
down the Bianchi identity for the vectors e^.,,^, C-t.^^, e_,ri+7r6; (^^^^^ using the fact that tti — Itx^ is 
not a root of Cq, we get R^e-j.^^, e-T,-¡^+T,e)^-ne = 0. Consequently, itq^A) = 1. Similarly, writing 
the Bianchi identity for the vectors C-ng, e-n^+ns, C-Tn+Tre and for the vectors C-ng, e,ri, e_,ri+7r6; 
we get that (— vti + 'n'Q)A = —1 and tti{A) = —1, which leads to a contradiction. The elements 
S -\-(f) & "^(ee ©C) of weight 2nQ can be considered in the same way. We choose = el^^ ©^-yre 
and use the Bianchi identity for the vectors e_^g, e_^j¡, e_^g, for the vectors e_^g, e_^g, 6-^3+^4, 
and for the vectors e_^g, e_^g, e^^-n^^-na. 

(xi) (5p(6,C) C g[(A'^C^)^. In this case (D'^V* ©g containes a submodule isomorphic to 
while Q^V* © V does not contain a submodule isomorphic to K-g. Henee sp(6,C) C g[(14,C) 
is a skew-Berger algebra. Since this representation is symplectic, g © C zs not a skew-Berger 
algebra. 
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(xv) forn = 7 (the spin representation of the Lie algebra Qs = 3o(14, C) onV = A'^^). The only 
spanning triples, up to the action of the Weyl group, are {ttj, tt^ — vry, -r-i) and (717, tti — vry, 712) 
/7P| /. Consequently, elements of TZ{q) may have, up to the action of the Weyl group, weights 
7C2 — vr3 and tt2 — tti. Suppose that R G TZIq) has weight tt2 — tt^. Let x, y, z & V be vectors 
of weights tcj, tt^ — vry and —7T2 + 7i¡ — tij. Considering the Bianchi identity for these vectors 
and using the facts that tt-¿ and tt^ — 2'k-j are not roots, we get R{y, z) = R{x, z) = O and 
R{x,y)z = 0. If we suppose that R{x,y) 7^ O, then since R{x,y) is a root vector of weight 7^2, 
z has weight —1^2 + 7i-¿ — tíj, and tí^ — ttj belongs to the weights of the representation, we get 
R{x,y)z 7^ 0. Thus, R{x,y) = 0. Similarly, if x and y have weights tti and tti — hj, respectively, 
then in the same way we show that R{x, y) = O (choose z of weight —tt2 + vts — vry ). Consider a 
spanning triple (Aq, Ai, 712). Let x and y have weights Aq and Ai, respectively. Then there is an 
element w in the Weyl group taking (Aq, Ai, 7:2) either to {ttj, tc^ — tíj, 712) or to (vry, vti — tti, 7T2), 
let US assume the first. Applying w to the system of positive roots, we get another system of 
positive roots. In this new system (Aq, Ai, 712) has the same expression as (vry, tts — vry, 712) in the 
oíd one. Consequently, R{x,y) G implies R{x,y) = 0. And there are no weight elements 
R and x,y such that O 7^ R{x,y) G Qt^^- Since Qs simple, we conclude that TZ^g) = 0. Thus 
spin(14, C) C g[(A|4) and 5pin(14, C) © C C g[(A^4) are not skew-Berger algebras. 

(xiv) (the spin representation of the Lie algebra Qs = so{2n + 1,C) on V = A2n+i, n < 7). 
We have spin{2n + 1, C) C spin(2?T, + 2, C). From the above we get 'R.{spm{2n + 1, C)) = O for 
n = 6,7. We use the package Mathematica to show that '^(spin(2n + 1, C)) = O for n = 4, 5. 
The case n = 3 is already considered in Section^^ alternatively, using the package Mathematica 
we find that dim'^(spin(7, C)) = 126. If n = 2, then we get the standard representation of 
sp(4, C); for n = 1, we get the standard representation of sl{2, C). 

{viii) If n = 6, then using the package Mathematica we show that dirnTZ^Qs) = 35; in this 
case the representation is symplectic and1Z{Q) = "^(fls)- Suppose that n=7. The only spanning 
triples, up to the action of the Weyl group, are (ei + £2 + 63, e4 + €5 + eg, ei — ej) and (ci + 62 + 
€3,61 + €4 + €5,61 — €7) fiPj /. We will denote a vector Ci A Cj A Ck by Cijk. Suppose that R G IZ^g) 
is a weight vector and -R(ei23, 6456) G Qei-er, í-g. R has weight ei. There is some a G C such 
that -R(ei23, 6456) = clEij, where En is the matrix with 1 on the position (1,7) and O on the 
other positions. Let A = -R(e237, 6456) G 0. Then A is an element of the Cartan subalgebra of q. 
Applying the Bianchi identity to the vectors 6123, 6455 and 6237, and using that -R(ei23, 6237) = O 
(as this element has weight which is not a root of q), we get Au + A22 + ^33 + a = 0. Applying 
the Bianchi identity to 6456, 6237 and one of the vectors ei2¿ (4: < i < 6), 6237, 6147, we get 
Aii + A22 + Aii = O, A22 + ^33 + Ajj = O, Aii + A44 + Ajj = 0. Using these conditions and 
the traceless of A, we get that a = 0. The spanning triple (ei + 62 + 63, ei + 64 + 65, ei — €7) can 
be considered in the same way. As in the case {xv) for n = 7 we conclude that if R E TZ^q), x 
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and y are weight elements such that R{x,y) G Qe^^-er, then R{x,y) = O, and 7?.(g) = 0. 

(xvii): t-j C 0[(56,C) is not a skew-Berger algebra. In ¡T^ there is the following description of 
this representation. The Lie algebra admits the following structure of'Z2-graded Lie algebra: 
tj = 5[(8,C) © A^C®. The representation space C^^ is decomposed into the direct sum C^^ = 
A^C^© A^(C®)*. The elements o/s[(8,C) preserve this decomposition and act naturally on each 
component, and the elements o/ A^C^ interchange these components. Since C7 C sp(56, C), 
any element R G 'R-{t-j) is a symmetric map R : ©^C^^ Cj G ©^C^^ and it is zero on 
the orthogonal complement to tj C ©^C^^. Thus R G Q^Cj. As the Zj-module Q^z-j can be 
decomposed as ©^cy = V^l^ © V^l © C. We have dim V^l^ = 7371 and dim V^¡ = 1539. Not that 
each such component consists of curvature tensors if and only if it contains at least one non-zero 
curvature tensor (such idea was used by D. V. Alekseevsky in ¡2] to find the spaces of curvature 
tensors for irreducible holonomy algebras of Riemannian manifolds). As the sí{8,C) -module 
Q^Cr = ©2(s[(8,C) © A'^C^) can be decomposed as Q'^tj = q'^sI{8,C) © ©^A'^C* © W, where 
W C ©^ey consists of symmetric maps interchanging s[(8,C) and A^C^. An important fact is 
that in the decomposition of Q^t^ into the direct sum of irreducible s[(8, C)-modules there is only 
one summand of dimensión greater than one that appears twice: ©^(s[(8, C)) and ©^A^ contain 
a submodule isomorphic to V^^^^'^J . As a consequence, any R G "^(ey) is a sum of elements of 
ñ{c7) contamed m {qH[{8X)) K'^+S , h'^C^) K^lQ , W and %n 1Vf^^¡ C ©2s[(8,C) © 
©^A^C^. We have ©^C^^ = ©^(A^CS) © (A^C» © t^i^^Y) © ©^(A^CS) = (A^C^ © A^C^) © 
(Kr2¿^ © s[(8, C) © C) © (A2(C^)* © A^C^), as the sl(8, C)-module. This decomposition makes 
clear the inclusión t-j C ©^C^^ and the behavior of the elements ofW. Suppose that R G 'R.{t-j)r\ 
W. Let x,y G ©^(A^C^). By the definition of W , we have R{x,y) G s[(8,C). Applying the 
Bianchi identity to x,y,z G ©^(A^C*), we get -R|o2(A2c8)ig)A2c8 ^ '^(sí(8,C) acting on A^C®). 
Moreover, since R is symmetric, this element is zero if and only if R = 0. From the above 
we know that ñ{sl{8,C) actmg on k^C^) ~ k^iC^f © ~ V'^lf^ © K^^S- Thus 

"^(ev) n íy zs isomorphic to a submodule of the sí{8,C) -module V^l^^':^^ © V^g+£|.- Note that 
dimVSS = 378 and dim = 630. Next, q\5Í{8X)) ^ ^'^-S, ©<t? ©5l(8, C) ©C, 
©2A^C« ^ Kff © V:SS © '^nd dim<S. = 1232, <t? = 720, dim^^f'^) = 1764. 
Analyzing the dimensions, we conclude that 1Z{tj) = O (in other words, H^\7^(e7) containes 
non-trivial elements from the submodules Vg^J^ and V^^ C Q^Cj, and as a consequence these 
submodules do not contain non-zero curvature tensors). Since Cj C sp(56,C), we get 1Z{t-j © 
C) = 0. 

{xix): f4 C g[(26,C) is not a skew-Berger algebra. In Jl] there is the following description 
of this representation. The Lie algebra f4 admits the structure of 7j2-graded Lie algebra: = 
so(9,C) © A, where A is the representation space for the spin representation o/so(9,C). The 
representation space C^^ is decomposed into the direct sum C^^ = C © © A. The elements 
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of the subalgebra so(9,C) C preserve these components, annihilate C and act naturally on 
and A. Elements of A G take C and to A (multiplication by constants and the 
Clifford multiplication, respectively), and take A ¿o C © (the charge conjugation plus the 
natural map assigning a vector to a pair of spinors). Let R G 'R-lf^). Decompose it as the 
sum R = S + T , where S and T take valúes in so(9,C) and A, respectively. Let A,/i G C, 
x,y,z G so (9, C), and X,Y, Z E A. Applying the Bianchi identity to X , Y and Z , we get that 
'S'leZAigjA £ '^(spin(9, C)). On the other hand, '^(spin(9, C)) = O, consequently, S{X,Y) = 0. 
Applying the Bianchi identity to X, x and X, we get T{X,x) = O and S{X,X) = 0. Applying 
the Bianchi identity to X, X and Y, we get T{X,Y) = 0. Applying the Bianchi identity to 
X, Y and x, we get S{X,x)Y + S{Y,x)X = 0. This means that for each fixed x the map 
S{-,x) : A — í> so(9,C) lies in the first skew-prolongation for the representation spin(9, C), 
which is trivial, as we already know. Consequently, S{x,X) = 0. Writing down the Bianchi 
identity for other vectors, we conclude that R = 0. Thus, TZ^fi) = 0. Since this representation 
is orthogonal, we have '^(f4 © C) = 0. 

Suppose now that the semisimple part Qg is not simple, then it can be written as a direct sum 
0s = 01 © 02, where gi C 3l(ni, C), 02 C sl(n2, C), and V = © C^^. 

First suppose that ni, 722 > 3. By the same arguments as in Í7^ . each g¿ must be either 
sí{ni,C), or so{ni,C), or sp(nj,C). Suppose that Qi = so(ni,C). Consider the subalgebra 
so(ni, C)©s[(n2, C)©C C 5l{ni, C)©s[(n2, C)©C. Let R^ G TZ^siini, C)©s[(n2, C)©C) be as m 
Section\B, where r eV*®V*,V = C"i©C"2. Suppose that Rr G :^(so(ni, C) ©s[(n2, C) ©C). 
Then we get A{xi © X2,mi © «2) — tr(y4(xi © X2,ui © U2))idc"i G so(r2i,C). Henee for all 
Vi, Zi G C"^ it holds 

O = t{xi,X2, Vi, U2)g{ui, Zi) + t{ui, U2, Vi, X2)g{Xi, Zi) + t{xi,X2, Zi,U2)g{Vi, til) 

+ t{ui, U2, Zi, X2)g{Vi, Xi) - t{xi,X2, «1, «2)5'^, ^l) - ^{Ui, U2, Xi, X2)g{vi, Zi). 

Taking Ui = Z\, X\ and V\ mutually orthogonal, we get that r(xi, X2, fi, «2) = O whenever 
g{x\,V\) = 0. Taking Vi = Xi orthogonal to Ui = z\ such that g[x\,X\) = g{ui,ui) = 1, we 
get t{xi,X2,xi,U2) = — r(zi, «2, zi, X2) whenever g{xi, zi) = 0. In particular, t{zi,U2, zi,X2) 
does not depend on z\ under the condition g[x\,z\) = O and g{zi,zi) = 1. Considering an 
orthonormal basis o/C"\ we conclude that t{xi,X2,Ui,U2) = g{xi,Ui)w{x2,U2) for some skew- 
symmetric (not necessary non-degenerate) bilinear form on C"^. Thus, TZ{5o{ni, C)©s[(n2, C)© 
C) = ñ{so{ni,C) © 51(^2, C)) ~ A2(C"^)*. Uszng this, it is easy to get that ñ^{so{ni,C) © 
s[(n2,C)) = 0. Thus so(ni,C) ©s[(n2,C) is a symmetric Berger algebra, but it does not admit 
a curvature tensor that is annihilated by this algebra and such that its image coincides with 
this Lie algebra (this representation does not appear in Table\^. Consequently, any absolutely 
irreducible real representation f) C s[(nin2,M) with such complexification can not appear as 
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the holonomy algebra of a linear torsion-free connection on a purely odd supermanifold (if 
f) C s[(ni?22, IR) appears as the holonomy algebra of an odd supermanifold, then the curvature 
tensor of this manifold is parallel; henee its valué at the point must be annihilated by i) and the 
image of this curvature tensor must coincide with i) ). 

Similarly, ifrii is even, then 7^(sp(nl, C)©s[(n2, C)©C) = 7^(sp(nl, C)©s[(n2, C)) ~ ©^(C"!)*. 
We also get that 'R,{so{n^ C) ©sp(2m, C)) is one- dimensional and it is spanned by the curvature 
tensor Rt with t = g ®w. 

By the same arguments as in fWl it can be proved that if ni = 2 and g is a non-symmetric 
Berger algebra, then gi = s[(2, C) and Q2 is one of Ql{n2,C) , sl{n2,C), so{n2,C), or sp{n2,C) . 

The theorem is proved. □ 

7 An outlook to the general case 

Consider the identity representation of the orthosymplectic Lie superalgebra osp(n|2m, C) C 
g[(n|2m, C) on the vector superspace C" © n(C2'^). Recall that osp(n|2m,C) zs the super- 
subalgebra of QÍ{n\2m,C) preserving the form g + í}, where g is the standard non-degenerate 
symmetric bilinear form on C" and íl is the standard non-degenerate skew-symmetric bilin- 
ear form on C^"*. For the even part of 05p{n\2m,C) we have osp{n\2m,C)Q = so{n,C) © 
sp(2m, C). Note that so{n,C) annihilates 11(0^"^) and acts on C" in the natural way. Sim- 
ilarly, sp(2m, C) annihilates and acts on n(C^''") in the natural way. It is easy to de- 
scribe the space 7?.(osp(n|2m, C)) using the method of ¡M¡- In particular, the following curva- 
ture tensors take valúes in osp(?2|2m, C)o.' -RoIc^aC"; Ro\n(c'^"^)AU{c^"^)> ond Jíilc^^níc^™); where 
Ro e 7l{osp{n\2m, C))o and Ri G 7l{osp{n\2m, C))i. 

For a subalgebra P) C so(n, C) define the space of weak curvature tensors of type f), 

Vgii)) = {Pe (C")* © i)\giP{x)y, z) + g{P{y)z, x) + g{P{z)x, y) = O for all x,y,ze C^}. 

This space was introduced in |3 [77] / and it appears if one considers the space of curvature 
tensors for the holonomy algebras of Lorentzian manifolds. Note that if R & T^i^), then for any 
fixed X G C" it holds R{-,x) G Vg{i)). A subalgebra P) C so{n, C) is called a weak-Berger algebra 
if it is spanned by the images of the elements ofVg{i)). 

The following important theorem is proved by T. Leistner in JT7]. 

Theorem 7.1 Let í) C so{n,C) be an irreducible subalgebra. Then i) is a weak-Berger algebra 
if and only if it is a Berger algebra. 

Similarly, for a subalgebra f) C sp(2m, C) define the space of weak skew- curvature tensors of 
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type f), 



P^([3) = {P e (C")* O [)| íí(P(x)í/, z) + n{P{y)z, x) + í](P(z)a;, y) = O for all x,y,ze C'""}. 

Note that if R e TZCt)), then for any fixed x G C^™" it holds R{-,x) G 'Po(f)). We cali a 
subalgebra f) C sp(2m, C) a weak-skew-Berger algebra if it is spanned by the images of the 
elements ofVn{í)). 



In view of Theorem \7.1\ we get the following. 



Hypothesis 7.1 Let f) C sp(2m, C) be an irreducible subalgebra. Then í) a weak-skew-Berger 
algebra if and only if it is a skew-Berger algebra. 

Let nowRo and Ri be as above, ¿/ien prj¡o(„,c) o-ño|c"AC" e TZ{so{n, C)), prgp(2„_c) °-Ro|n(c2™)An(c2") ^ 
7l{sp{2m, C) acting on n(C^™)), and for any fixed xq E C" and Xi E n(C^'") it holds 
prso{«,c) °^i(^a;i)|c" G Vg{so{nX)) and pT^p(^2m,c) xo)\n(c''"^) G PQ(sp(2m, C)). On the 

other hand, there is no such obvious restrictions on pr j.p(2m,c) °-Ro|c"aC" ^'^^ prgo{n,c) °-Ro|n(c2™)An(c2")- 
Suppose now that we have a simple super subalgebra q C osp{n\2m,C) such that the repre- 
sentations of qq in the both C" and n(C^™') are faithful. This is not the case for the iden- 
tity representation of osp{n\2m,C), but this is the case for the adjoint representations of the 
simple Lie superalgebras of classical type and it seems to be the case for the most of or- 
thosymplectic representations of simple Lie superalgebras. In this case prgp(2mC) °-ño|c"AC" and 
Pí^so(n,c) °-Ro|n(c2'")An(c2") are determined, respectively, prgg(„ q oíÍo|c"aC" and 
P^sp(2m,c) °-Ro|n(c2'")An(c2"); and therefore are strongly restricted. 



Module Hypothesis 7.1 we get. 



Theorem 7.2 Let g C osp(í2|2m, C) be a simple subalgebra such that the representations of qq 
in both C" and n(C^'^) are fatheful. Then Qq C so{n, C) is a Berger algebra and Qq C sp(2n, C) 
is a skew-Berger algebra. 

Similarly, for a simple Berger subalgebra g C QÍ{n\m,C) such that the representations of Qq 
in both C" and n(C™) are faithful, we expect that there are two ideáis 0i,02 G qq such that 
01 + 02 = 00 and 01 C gl{n, C) is a Berger algebra, and 02 C 0Í(m, C) is a skew-Berger algebra. 
In another paper we will discuss the ideas of this section in details. 
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